Giftedness in mathematics has been characterized by exceptional attributes including strong mathematical memory, formalizing perception, generalization, curtailment, flexibility, and elegance. Focusing on the last attribute, this study examined the following: (a) the criteria which expert mathematicians and mathematically gifted students fleshed out to identify their own most preferred mathematics problem-solving approaches and (b) the extent to which students perceived expert mathematicians' preferences for one approach over the others as aesthetically pleasing. The findings suggested that: (a) unlike expert mathematicians who saw beauty in mathematics as an exhaustive consequence of simplicity and originality, mathematically gifted students found mathematical elegance only in approaches that were efficient in terms of time and number of steps to solve the problems and (b) although expert mathematicians considered mathematically gifted students' most preferred approaches to be the least "beautiful," mathematically gifted students, showing no enthusiasm, considered expert mathematicians' most preferred approaches to be no more attractive than their own approaches.
Mathematically gifted students demonstrate unique mathematical problem-solving behavior atypical of regular students (Ervynck, 1991; Silver, 1997; Sriraman, 2005; Tannenbaum, 1983) . Some researchers recommended nonstandard mathematics problems as an effective means of exploring mathematical problem-solving and creativity in connection with mathematically gifted students (Brody & Stanley, 2005; Terman, 1925) . To this end, problem-solving using many different approaches might be considered (Leikin & Lev, 2007) . Nevertheless, little is known about the question of why some people solve one particular problem using different ways than others do from an aesthetic point of view. This study aimed to explore influences on the preferences of problem-solving approaches of expert mathematicians and mathematically gifted high school students as a way to examine their aesthetic perceptions of the preferred approaches in the solutions to problems.
Theoretical Framework

Characteristics of Giftedness on Mathematical Problem-Solving
In the field of mathematics, one of the most systematic studies that explored the nature and structure of the mathematical abilities of gifted students was led by Krutetskii (1976) . He argued that although latent talents in various fields were innate in all young children, these talents might not necessarily be uniform for each child across all fields. That is, he believed that some students were more mathematically able than others. In his analysis, Krutetskii named six attributes of mathematically gifted students, describing their three main stages of mental activity in solving a mathematical problem. In the first stage, mathematically gifted students gathered necessary information in solving the problem. This formalizing perception attribute could be performed analytically by extracting individual elements from the given composite structure in the order of their significance to the posed problem. It could also be performed synthetically by interpreting them in an integrated arrangement in terms of their mathematical relationship and functional dependencies.
In the second stage, mathematically gifted students processed information to obtain a solution to the problem. First, they demonstrated effectively the ability to generalize mathematical objects, relations, and operations, as well as the ability to retain these mathematical materials. This generalization attribute emerged very naturally "on the spot" as these students performed problem-solving tasks with an insignificant amount of training (Krutetskii, 1976) . Second, they displayed an ability to curtail the process of mathematical reasoning and the corresponding system of operations. This curtailment attribute was measured by taking into account the number of steps in a typical course of reasoning versus the number of actual steps taken by the students and the time spent on solving the problem. Mathematically gifted students were known to be capable of solving problems using a minimal path and the least amount of time. Third, they revealed the flexibility and reversibility of mental processes in mathematical reasoning. This flexibility attribute facilitated students in varying their approaches to solving a problem without being constrained by standard, stereotypical, or habitual approaches, as encountered in their previous problem-solving experiences. The reversibility of mental processes also allowed students to switch easily and freely from a direct to a reverse train of thought. Moreover, they showed their own striving to achieve an elegant solution. This striving for elegance attribute motivated students to avoid settling to merely solve a problem, but rather to search for a solution with such qualities as simplicity and originality. An approach was considered simple if it afforded a conclusion to be comprehended effortlessly with no ambiguity, whereas an approach was considered original if it presented a conclusion in an uncommon manner (Krutetskii, 1976) .
In the third stage, mathematically gifted students retained information about the solution to the problem. They specifically paid more attention to the mathematical relationships in the problem and the principles of the solution to the problem than to the superfluous, unnecessary content of the problem. This strong mathematical memory attribute provided them with generalized and operative, as opposed to selective, memory retention.
In examining the relationship between knowledge, talent, and giftedness, Karp (2007) interviewed 12 teachers in secondary schools specializing in the study of mathematics, as opposed to those in ordinary schools as in the work by Krutetskii (1976) . These teachers were distinguished based on the criteria used in selecting them, including the following: (a) the number of their former students who had participated or won high-level mathematics competitions, such as the International Mathematics Olympiad; (b) the number of their former students who had become prominent mathematicians, such as those holding senior faculty positions in the mathematics department of leading academic institutions; and/or (c) their professional activity in terms of the number of professional publications. Karp's (2007) interviews with the teachers revealed several important characteristics of mathematically gifted students. First, these students demonstrated success in problem-solving as indicated not only by their outstanding speed and genuine interest in problemsolving but also by their exceptional precision and depth of understanding of problem-solving approaches. Second, their nonstandard problem-solving approaches revealed their capacity for independent thinking. Third, their wealth of knowledge reflected their precocity and competence in absorbing easily profound mastery of a mathematics subject that surpassed their age level.
Apart from conceptualizing mathematical creativity, researchers were aware of the need to assess mathematical creativity as part of fulfilling the goal of gifted education. Haylock (1987) identified a specific feature in his assessment of mathematical creativity in schoolchildren: the capacity to prevail over fixation and rigidity. In particular, the children were able to overcome the Einstellung effect, a phenomenon generally observed when students commit either (a) algorithmic fixation or (b) content universe fixation. An algorithmic fixation occurred when students persisted on applying a previously learned, yet inappropriate, inefficient, or unsuccessful approach (Luchins, 1951) . A content universe fixation occurred when students restricted the range of unnecessary elements in a problem-solving situation (Haylock, 1984 , as cited in Haylock, 1987 .
In connection with the goal of engaging gifted students with a high-quality curriculum, Tomlinson et al. (2008) suggested the parallel curriculum model that encompassed four learning experiences in core curriculum, curriculum of connections, curriculum of practice, and curriculum of identity. In this model, Tomlinson et al. (2008) offered guidelines for planning and implementing instructions that meaningfully integrated higher levels of intellectual demand and creativity associated with gifted students. Taking a different approach to emphasize learning through exposing students to the concrete tasks that practitioners such as research mathematicians performed in their professions, Renzulli, Leppien, and Hays (2000) introduced the multiple menu model. This model consisted of a range of menus including knowledge menu, instructional objectives and student activities menu, instructional strategies menu, instructional sequences technique, artistic modifications menu, and instructional products menu. By incorporating into the instructions the thinking processes that research mathematicians deliberated in their line of work, curriculum developers could utilize the multiple menu model to encourage gifted students to problem-solve in the same manner as research mathematicians typically do.
The findings in the studies by Krutetskii (1976) and Karp (2007) showed that not only did mathematically gifted students possess higher order of proficiencies at the conceptual and abstract level, but they were also able to assemble seemingly unrelated mathematics concepts in a flexible and fluid manner. The tenacity of fluidity indeed was what Haylock (1987) assessed as part of the creativity of mathematically gifted students. With this regard, the parallel curriculum model by Tomlinson et al. (2008) and the multiple menu model by Renzulli et al. (2000) might be considered in the development of curriculum for mathematically gifted students (Gavin, Casa, Adelson, Carroll, & Sheffield, 2009 ). Silver and Metzger (1989) assessed the role of aesthetics in a study involving university professors in mathematics. They examined the aesthetic influence on mathematical problemsolving experience in two assessments. In one assessment, they monitored the role of aesthetic value in the process of problem-solving as discussed by Poincare (1946) and Hadamard (1945) . In another assessment, they analyzed the sense of aesthetics in the evaluation of the completed solutions as described by Krutetskii (1976) or the problems themselves. Silver and Metzger (1989) found that these expert problem solvers displayed signs of aesthetic emotion. On one occasion, a participant resisted the temptation to resort to the use of calculus in solving a geometry problem, acknowledging the possibility of a "messy equation" (p. 66). Only after some unsuccessful attempts to seek a geometric approach did the participant concede to solving the problem using calculus. Although successful, he felt that "calculus failed to satisfy his personal goal of understanding, as well as his aesthetic desire for 'harmony' between the elements of the problem and elegance of solution" (p. 66). On another occasion, having solved another geometry problem algebraically, the same participant appeared unsettled, recognizing that a geometric approach could be "more elegant" (p. 66).
Characteristics of Giftedness on Mathematical Aesthetics
Using a similar scope of analysis as Silver and Metzger (1989) , Koichu and Berman (2005) examined how three members of the Israeli team participating in the International Mathematics Olympiad coped with conflict in their conceptions of effectiveness and elegance. An effective approach led directly to a final result in answering a mathematics problem with minimum memory retrieval of concepts and terms and procedural knowledge. An elegant approach was considered to have clarity, simplicity, parsimony, and ingenuity in solving a mathematics problem with minimum intellectual effort and few mathematical tools. In their study, Koichu and Berman (2005) observed that when solving geometry problems, these mathematically gifted students consistently directed greater aesthetic appreciations toward geometric approaches than algebraic or trigonometric approaches. However, when such a geometric approach was not readily accessible to them, they immediately resorted to algebraic or trigonometric approaches as long as the approaches effectively solved the problems. Only later on when students had built up their confidence could they develop the desired geometric approach to satisfy their need for aesthetic appreciations. This experience marked the point at which students successfully managed to balance the need for elegant approaches with the time constraint requiring effective approaches.
In the studies by Silver and Metzger (1989) and Koichu and Berman (2005) , mathematics professors as well as International Mathematics Olympiad team members did not only find geometric explanations or approaches to problems to be more appealing than other explanations or approaches but they also demonstrated persistence in finding approaches characterized by geometric reasoning or interpretations even after they had acquired nongeometric solutions to the problems. The study by Silver and Metzger (1989) demonstrated evidence that there appeared to be an agreement among mathematics professors with regard to their strong preference in geometry. Likewise, one might argue that because of the specific training that they received in preparation for the International Mathematics Olympiad, possibly as a direct influence of the heavy emphasis on simplicity in the scoring criteria of such competitive mathematics pinnacle (Olson, 2004) , the three mathematical Olympiads in the study by Koichu and Berman (2005) would gravitate toward personal preferences with such guidance, although they might not develop on their own a natural preference toward geometric approaches.
Purpose of the Study
Given the many possible different approaches to solve the same problem, a decision to choose one approach over the many other approaches might be less than arbitrary. Aesthetic aspects were particularly considered in many studies connected with experts' and gifted students' preferences in problem-solving approaches. Much less attention, however, was devoted to understanding whether aesthetic appreciation of mathematical "beauty" might be viewed proportionately by expert mathematicians and mathematically gifted students. This study examined the following: (a) the criteria which expert mathematicians and mathematically gifted students fleshed out to identify their own most preferred mathematics problem-solving approaches and (b) the extent to which students perceived expert mathematicians' preferences for one approach over the others as aesthetically pleasing. It was hoped that the findings of the study might shed light on what might be missing in the learning experience of students in gifted programs in mathematics.
Methodology
Participants
A list of tenure-track or tenured mathematics faculty was identified from the top-10 research universities-very high research activity as classified in the Carnegie Classification of Institutions of Higher Education, from which 50 expert mathematicians were randomly selected. From the list of 50 expert mathematicians, 3 volunteered to participate in the study. The three expert mathematicians (Professors 1, 2, and 3) were an assistant, associate, and full professor of mathematics, respectively, were editors of a number of wellrespected professional journals in pure and applied mathematics, and shared among themselves a total of 48 years of research experience.
Fifty-four mathematically gifted students participated in the study. All 54 students were enrolled in one high school. This high school was one of nine specialized high schools in New York City, where less than 5% of the approximately 30,000 applicants were admitted after passing an entrance examination (New York City Department of Education, 2011). From a group of about 900 students taking the Advanced Placement (AP) Calculus course, the 54 students were among the ones highly recommended by their AP Calculus teachers. Of the 54 students, 28 were females, 26 were males, 6 were 11th graders, and 48 were 12th graders. Fifty students reported an average score of 747 on the SAT Math Section, seven students reported an average score of 716 on the SAT Subject Test-Math Level 1, and 38 students reported an average score of 758 on the SAT Subject Test-Math Level 2.
Instruments
Three nonstandard mathematics problems and 15 approaches were developed by the researcher (see the appendix). These problems were carefully chosen to allow for many different approaches not immediately apparent to average students, yet readily accessible with typical high school mathematics knowledge and curriculum, which included arithmetic, algebra, and geometry (Common Core State Standards Initiative, 2010; National Council of Teachers of Mathematics, 2000). The first problem was an arithmetic-inequality problem (Problem 1) with four approaches (P1A1, P1A2, P1A3, and P1A4), the second problem was an algebra-of-two-variables problem (Problem 2) with eight approaches (P2A1, P2A2, P2A3, P2A4, P2A5, P2A6, P2A7, and P2A8), and the third problem was a geometry-of-angle-measurement problem (Problem 3) with three approaches (P3A1, P3A2, and P3A3).
Procedures
The entire study was conducted in February 2011. The researcher interviewed the three expert mathematicians individually. In each interview, the researcher presented each expert mathematician with the three problems and 15 approaches. The researcher first asked each expert mathematician to choose his or her most preferred approach for each of the three problems. The expert mathematicians were then asked to rank order the approaches for each problem from the most preferred to the least preferred, and to provide careful explanations for why they placed those approaches in such order. For Problem 1, for instance, the researcher asked each expert mathematician, "Among the four approaches for Problem 1, which one do you prefer the most? And please put with explanations the four approaches in order from the most to the least preferred approach."
From the 54 students in the study, 9 volunteered to take the paper-and-pencil test consisting of the three nonstandard mathematics problems. The researcher proctored the test on one day during after-school hours in a classroom provided by their school. The researcher explained to the nine students that they were to creatively solve the three problems using as many different approaches as they could without a calculator and with no time limit. The researcher reminded the nine students several times that they could take as much time as they needed to think about and write down in their test as many different approaches as possible. After the test, the researcher examined the students' written responses for correctness. The researcher then interviewed the nine students individually to elicit their explanations for the approaches they supplied in the test. In the interview, the researcher asked each of the nine students to explain how they came up with their approaches to the three problems.
Following the interview with the 9 students, the researcher administered a survey to the 54 students, 9 of which previously took the paper-and-pencil test. The researcher included in the survey the three problems and the 15 approaches. In the survey, the researcher asked the 54 students to explain whether the students understood each of the 15 approaches, whether the students thought they had learned in their previous mathematics courses the mathematics content involved in each of the 15 approaches, which of the 15 approaches would the students prefer the most, and whether any of the 3 approaches that the expert mathematicians preferred the most and considered to be the most "beautiful" approaches appealed to the students to any extent. In this sense, the 54 students surveyed were explicitly informed that the expert mathematicians' preferred approaches were considered by these expert mathematicians themselves to be the most "beautiful" approaches. In short, the survey was aimed to examine the 54 students' thoughts on the 15 approaches for the three problems, their most preferred approaches, and their overall reactions to the aesthetic view of three expert mathematicians.
Analysis
The findings of the interviews with the three expert mathematicians were analyzed to formulate a collective choice of the most preferred approach for each of the three problems according to the three expert mathematicians. A collective choice was determined if at least two of the expert mathematicians ranked the approach the same, or in the case where each expert mathematician assessed different ranks for the approach, the mean rank of each approach was computed and the lowest mean was utilized. For instance, P2A1 was considered collectively as the most preferred approach for Problem 2 because there were at least two expert mathematicians, namely, Professors 1 and 3, who ranked P2A1 as their first choice. In a different example, P2A2 was considered collectively as the second most preferred approach for Problem 2, because after confirming that there were at least two expert mathematicians who ranked equally P2A1, P2A3, P2A5, P2A6, P2A7, and P2A8, the researcher found that the mean of the ranks for P2A2 was lower than that for P2A4. In view of their collective rank order of the 15 approaches, the three expert mathematicians' aesthetic evaluations of the most preferred approaches was determined.
Furthermore, the three expert mathematicians' explanations as to why they preferred each of the 15 approaches more or less to the others were analyzed qualitatively. The researcher identified a couple of premises that were shared in these expert mathematicians' explanations, namely, simplicity and originality, consistent with how mathematical aesthetics were discussed in earlier studies. With respect to simplicity, the 15 approaches were coded as follows: very simple, somewhat simple, not quite simple, and not simple were coded as 1, 2, 3, and 4, respectively. With respect to originality, the 15 approaches were coded as follows: very original, somewhat original, not quite original, and not original were coded as 1, 2, 3, and 4, respectively. Explanations of the three expert mathematicians were then synthesized for each of the 15 approaches.
The findings of the paper-and-pencil test and the interviews with the nine students were analyzed to comprehend similarities in the justifications provided by the nine students to supply particular approaches to the three problems. The responses to the survey items were tallied to determine the 54 students' understanding of each of the 15 approaches, their acknowledgement of having learned in their previous mathematics courses the mathematics content involved in each of the 15 approaches, their most preferred approaches for each of the three problems, and their attraction to each of the three approaches most preferred collectively by the expert mathematicians. These results were then compared with the findings of the interviews with the nine students.
Findings
Aesthetic Considerations of Expert Mathematicians
Not all approaches for the three problems received common agreement from the three expert mathematicians of their aesthetic evaluations (see Table 1 ). Collectively, P1A1, P2A1, and P3A1 were preferred the most, whereas P1A4, P1A8, and P3A3 were preferred the least, by the three expert mathematicians for Problems 1, 2, and 3, respectively. The result of the analysis of the aesthetic considerations of expert mathematicians of the 15 approaches with respect to simplicity and originality is presented in Table 2 .
The approaches that were rated as most simple and original were characterized mainly by the surprising manner in which the information given in the problems were interpreted so unusually that the solutions to the problems revealed themselves naturally. For instance, P1A1 for Problem 1 was considered to be very simple since it did not treat 2010 as a single number, but rather as an average of two numbers, namely, 2009 and 2011 . P1A1 was also very original because it was resolved by recalling the visual concavity of the square root function, allowing the proof to be comprehended effortlessly. Similarly, P2A1 for Problem 2 was considered to be very simple since it readily revealed a special right triangle, from which a conclusion became immediately obvious. P2A1 was also very original to the extent that it treated both the objective and constraint functions dynamically in coordinate geometry only as a means to analyze the problem in Euclidean geometry, instead of in algebra alone. Finally, for Problem 3, the three expert mathematicians considered P3A1 to be very simple because it translated a triangle of an unknown type into an especially popular parallelogram, that is, a square, whose interior angles were easily recognized by general elementary school students. P3A1 was also very original because it was thought "inside the box" through a creative extension of a line so that it consisted of all the visual proofs of the conjectures used in both P3A2 and P3A3, creating a harmonious connection between different geometric concepts within one single problem.
On the other hand, the approaches that were rated as least simple and original were characterized mainly by the blunt manner in which the information given in the problems were processed without any refinement so that the solutions to the problems appeared strained. For example, P1A4 for Problem 1 was considered to be the least simple and original not only because it required tedious arithmetic calculations of fourdigit multiplications but also because it construed square roots in a most elementary concept as an arithmetic operator. Likewise, P2A8 for Problem 2 was not simple as it forced an application of routine procedures through algebraic substitutions and memorized differentiation rules. P2A8 was also not original in that it pursued the problem at face value as similar problems frequently appeared in a calculus textbook. Last, P3A3 for Problem 3 was neither simple nor original because it operated multiple identifications of interior angles of the triangle to arrive at the conclusion and because it plainly consumed all given information in a literal manner without adding external abstractions. 
The three expert mathematicians in general appeared impressed by many of the 15 approaches as they took the time to evaluate the aesthetic value of the approaches in great detail. These evaluations were indeed subjective in keeping with the expression "beauty is in the eye of the beholder." Professor 1 appreciated the transferability of an approach to more general situations. Professor 2 regarded the originality of an approach as a determining factor to impress a wellrounded audience. Professor 3 valued the learnability of an approach in establishing his view of mathematical "beauty." They nonetheless all agreed that mathematically "beautiful" approaches came with the power to stand out from the crowd.
Aesthetic Considerations of Mathematically Gifted Students
The nine students who took the paper-and-pencil test were generally able to finish the test in less than 1 hour (see Figure 1) .
One student successfully solved all three problems, one student successfully solved Problems 1 and 2, four students successfully solved Problems 1 and 3, one student successfully solved Problem 2, and two students successfully solved Problem 3. The one student who successfully solved all three problems supplied two approaches for Problem 3 (i.e., P3A3 and P3A2), but only one approach for Problems 1 and 2 (i.e., P1A2 and P2A6). The other eight students solved Problems 1, 2, and 3 using only one approach (i.e., P1A4, P2A8, and P3A3).
The three problems appeared to pose some challenge for the nine students to solve, and in addition, the instruction to supply as many approaches as possible might be something that the students were not familiar with. Despite the unrestricted time to work on the test, the nine students appeared to be easily content with supplying only one workable, yet mechanistic approach as long as they obtained a correct answer to each problem. One might describe such P1A2 involved "a standard procedure which involves algebraic operations to simplify the expression," and yet unlike P1A1, P1A2 was less preferred "due to its mechanical nature at the beginning" (Interview response, February 7, 2011). P1A3 3 2 P1A3 "does more of the same kind of thing to get to the same result" (Interview response, February 4, 2011). P1A4 4 4 P1A4 required "brute-force multiplication and is therefore naïve" (Interview response, February 7, 2011). P2A1 1 1 P2A1 "makes the problem seem so simple that it does not require brilliance to solve it" (Interview response, February 4, 2011). P2A2 2 2 P2A2 was "an example of a 'slick' argument" because "it is very short and gives little hint of what is going on" (Interview response, February 4, 2011). P2A3 2 2 P2A3 was "a thoughtful approach, but with a clever twist at the end," adding that "it shows the ability to formulate some algebraic expressions based on a picture" (Interview response, February 4, 2011). P2A4 3 2 P2A4 involved "a facility for linear algebra," which might be "useful for other problems" as well (Interview response, February 8, 2011). P2A5 4 3 P2A5 "put the problem into a standard form and applies the standard solution method" (Interview response, February 4, 2011). P2A6 4 4 P2A6 "relies on an explicit characterization of the constraint manifold" (Interview response, February 8, 2011). P2A7 4 4 P2A7 required a "grind out trigonometry" because it appeared "more complicated than necessary," and that "the person who did this could have saved time by using less machinery and finding a more conceptual approach" (Interview response, February 4, 2011). P2A8 4 4 P2A8 was "mechanical once the substitution is made and methods of calculus are invoked" (Interview response, February 7, 2011). P3A1 1 1 P3A1 went beyond P3A2 by facilitating "an illustration of the location of these points (on a circle), as well as a proof that the inscribed angle (associated with a semicircle) is 90° (see P3A2)" (Interview response, February 8, 2011). P3A2 2 2 P3A2 was "painting a picture wherein points A, B, and C all lie on a circle about D" (Interview response, February 8, 2011). P3A3 4 4 P3A3 was "an efficient solution, but not necessarily an aesthetic one" because "this approach is built on a straightforward inspection of relations between the angles based on the given information" (Interview response, February 7, 2011).
problem-solving experience as lacking in reflective thinking, apart from flexibility and creativity. It was clear that the role of aesthetics was limited in the nine students' considerations as they problem-solved. Much more evident in the students' written responses than elegance was impulsiveness. During the interviews, several students acknowledged in preferring P1A4 in Problem 1 that "when dealing with square roots . . . what usually comes to me first was squaring both sides," and then "you just kind of hacked away at it [because] you do this big multiplication, and you finally get this large number [that] is bigger than that large number" (Interview response, February 11, 2011). In resorting to P2A8 in Problem 2, the students confirmed that shortterm memory recall of their most current mathematics course (i.e., AP Calculus) prompted their reflex to take the derivative of an objective function for, as one student explained, "I'm learning calculus right now, so I figure why not use calculus, which is still fresh, more fresh" (Interview response, February 14, 2011). In using P3A3 in Problem 3, many students revealed their confidence and comfort in building up information step by systematic step until the solution appeared. As one student said, "I chose [P3A3] because of the whole logical following it" (Interview response, February 14, 2011). The nine students' choice of using the approaches in the paper-and-pencil test might therefore be viewed as an instinctive one with the sole intention to find, in the shortest amount of time and the least number of steps, the answers to the problems, albeit without any other meaningful aesthetic considerations.
The approaches presented by the nine students in their paper-and-pencil test (i.e., P1A4, P2A8, and P3A3 for Problems 1, 2, and 3, respectively) were further confirmed in the survey results as the approaches which were most preferred by the majority of the 54 students. Their explanations revealed that their preference was linked to the minimum level of cognitive demand involved in those approaches. The 54 students' choice of most preferred approaches was regardless of their understanding and acknowledgement of having learned in their previous mathematics courses, the mathematics content involved in the three approaches most preferred by the expert mathematicians (i.e., P1A1, P2A1, and P3A1 for Problems 1, 2, and 3, respectively).
Students who favored P1A4 for Problem 1 over the other three approaches, especially P1A2, indicated to have worked on mostly what the problem gave them explicitly in the presence of square roots as an arithmetic operator, as one student indicated, " . . . because especially it's a square root, your first instinct is like, making them into integers, like squaring" (Interview response, February 14, 2011) . Recognizing the lengthy time involvement for calculating 2009 × 2011 and 2010 × 2010, these students were convinced that their labor in machine-like computation would prove more fruitful in the end. In a way, they unconsciously built up their persistence in getting the correct answer by sacrificing their time to compensate for their lack of willingness to seek a more "beautiful" approach. One student wrote in his survey that P1A4 "would bring me an answer first and require almost no thinking," whereas acknowledging that it would take him a much longer time to recognize the practicality of the difference of two squares in the last step of P1A2 than to compute the products of four-digit integers in the last step of P1A4 (Survey response, February 18, 2011) .
Students who preferred P2A8 for Problem 2 to the other seven approaches, especially P2A1, suggested in their survey that "the magic of beginning algebra" faded away as they became exposed to "the excitement of straightforward calculations" involved in calculus (Survey response, February 18, 2011) . It was clear that when students were posed with a problem whose structural underlying mathematics relationship imitated a newly familiar problem, more recent and related mathematical experience (i.e., their AP Calculus course) played a more determining role in their preferred approach. In effect, falling back on procedural-oriented method was required as opposed to contemplating on more elementary concepts such as algebra or geometry.
Student who chose P3A3 for Problem 3 were for the most part perplexed by the "twisted" nature of the other two approaches (Survey response, February 18, 2011) . Many students who agreed with the validity of the proofs in P3A2 and P3A1 questioned, "What's the circle or parallelogram for? Aren't we talking about a triangle?" (Survey response, February 18, 2011) . Another student wondered in her survey, "Why would I want to choose more complicated [P3A2 and P3A1] when [P3A3] is straight to the point?" as she drew her attention to the "ready-to-use clues" of Problem 3 for P3A3, Note. This figure illustrates a Venn diagram of the number of students who successfully solved each of the three problems, as well as the approaches that they supplied for each problem.
rather than composing P3A2 and P3A1 from "improvised resources" (Survey response, February 18, 2011) .
The 54 students in general thought that many of the 15 approaches were not easy. They recognized that their perceived mastery of the 15 approaches would not necessarily guarantee the likelihood of them devising such approaches. As they reported having the greatest command of P1A4, P2A8, and P3A3, which coincidentally were their most preferred approaches, they revealed at least partially their solving-to-the-test, answer-driven habit of mind, and their lack of aesthetic considerations in their problem-solving experience.
Relationships Between Expert Mathematicians' and Gifted Students' Views of "Beauty" in Mathematics
To some extent, there was no direct relationship between expert mathematicians' and students' views of "beauty" in mathematics. These views were grounded not only in how they perceived the three problems but also in how they approached them. For the expert mathematicians, the manifestation of mathematical aesthetics began even before any attempt to solve the problems, whereas motivated by the desire to obtain a correct answer, gifted students magnified the need for fastest and shortest approaches above all.
From the way that the students solved Problem 1, as substantiated by the explanations during the interviews, Problem 1 was perceived by these students as no more than an arithmetic problem. These students' perception was perhaps because of the design of the problem itself despite the possibility of a more sophisticated way of viewing it as a geometry of an algebraic function problem as recognized by the expert mathematicians. In a way, the expert mathematicians' approach appealed to a higher level of cognitive demand by stepping up from the procedural realm of arithmetic to the conceptual integration of algebra and geometry. The expert mathematicians' description of P1A4 as "brute-force" in the end suggested that students' most preferred approach for Problem 1 was considered by the expert mathematicians to be the least appealing one (Interview response, February 7, 2011). On the other hand, the students in general dismissed the expert mathematicians' most preferred approach, P1A1, as the most "beautiful" approach insisting on the practicality of P1A4: "Okay, so [P1A1] is 'beautiful,' but [P1A4] gives me the answer too" (Interview response, February 11, 2011) .
To a certain extent, Problem 2 was realized by many students to be an optimization problem, rather than an algebra problem. Yet in contrast to Problem 1, where expert mathematicians' views of elegance were materialized through the mastery of more advanced mathematics knowledge, Problem 2 attained an equally higher cognition level by abandoning the method of calculus in favor of the more elementary algebra and geometry. P2A1, the expert mathematicians' call for a powerfully elementary approach to solve Problem 2, was nonetheless considered by the students to be "too showy" (Interview response, February 16, 2011) . The students' most preferred approach, P2A8, in contrast, was considered by the expert mathematicians to be the least "beautiful" as it was often associated with standard approaches taught by mathematics teachers at the secondary school level.
Although perhaps students were successful in reading, understanding, and deciphering the explicit information presented in Problem 3, their imagination was contained within the shape of a triangle. The expert mathematicians were more able to appreciate P3A2 and P3A1 because they valued deliberate yet effortless means in unifying unordered abstractions into harmony. Only in doing so, a point on a line might be imagined as a center of a circle or envisioned as part of an appended diagonal so that the shape of a triangle became connected with that of a circle or a parallelogram. Notwithstanding, the students found the expert mathematicians' most preferred approach, P3A1, to be rather objectionable, stating that the expert mathematicians were "trying too hard to be unique and clever, when they are totally unnecessary" (Interview response, February 11, 2011). The expert mathematicians' assessment of P3A3 as the least favorite approach, on the other hand, suggested that they did not think very highly of the students' most preferred approach either.
Although 39, 40, and 41 students (72%, 74%, and 76%) of the 54 students indicated that they had no difficulty in understanding the expert mathematicians' most preferred approaches (i.e., P1A1, P2A1, and P3A1 for Problems 1, 2, and 3, respectively), only 10, 20, and 10 students (19%, 37%, and 19%) would prefer them to the rest of approaches for those three problems. Even those students who were in agreement with the expert mathematicians' choice of most preferred approaches were for the most part not able to provide adequate explanations for the aesthetic value of those approaches. They were only able to see the outward appearance of those "beautiful" approaches. For instance, P1A1 was considered to be "beautiful" because of the relatively shorter lines of argument, P2A1 because of the "helpful" presence of the graph accompanying the solution, and P3A1 because of the physical shape of the parallelogram that resembled "a diamond" (Survey response, February 18, 2011) . Clearly, the expert mathematicians' preferred approaches did not appeal to the students as "beautiful" in the sense of the deeper structure of the mathematical arguments involved in those approaches as discussed in the earlier section.
The mismatch between the students' most preferred approaches and those of the expert mathematicians did not appear to be a consequence of the gifted students' lack of mathematical proficiency, but rather, at least partially, the students' lack of appreciation of mathematical "beauty." This evidence suggested to some extent that mathematical aesthetics might not be an innate characteristic of the mathematically gifted students, and the presence of such appreciations among the expert mathematicians indicated to a certain extent that such competence might have been learned, cultivated, shared, and recognized within the community of professional mathematicians quite possibly beyond the high school level.
Discussion and Conclusion
The study sought to analyze to what extent individuals identified as mathematically gifted, such as expert mathematicians and mathematically gifted students, perceived their own and each other's preferred approaches in the solutions to mathematics problems. The findings suggested that (a) unlike expert mathematicians who saw beauty in mathematics as an exhaustive consequence of simplicity and originality, mathematically gifted students found mathematical elegance only in approaches that were efficient in terms of time and number of steps to solve the problems and (b) although expert mathematicians considered mathematically gifted students' most preferred approaches to be the least "beautiful," mathematically gifted students, showing no enthusiasm, considered expert mathematicians' most preferred approaches to be no more attractive than their own approaches. To some extent, there appeared to be a profound lacuna in the understanding of mathematical aesthetics that might inadvertently subdivide the state of mathematically gifted into two groups: one group of professional research mathematicians and another group of those whose affects might be waiting to be nurtured. Despite the rigorous selection process of students in the study, it became clear not only that mathematical "beauty" was not a consideration that young problem solvers grasped automatically but also that they had not been exposed to such aesthetic appreciations, as defined by expert mathematicians, until much later when serious mathematical work might be involved. Related to the findings by Silver and Metzger (1989) and Koichu and Berman (2005) was the three expert mathematicians' constant reference to geometric reasoning in their explanations of their most preferred approaches for the three problems with respect to simplicity and originality. Nonetheless, such persistent searching for geometric interpretations did not appear greatly in the ways that the 54 students explained their most preferred approaches. To some extent, therefore, aesthetic appreciation evolved partly around geometric interpretations, and more important, the search for such geometric interpretations, as part of aesthetic considerations, might be a learned skill, instead of an innate skill.
The study also demonstrated that gifted students at the high school level were not only unfamiliar with the practice of looking back to problem-solving using many different approaches as described in the fourth step of problem-solving process by Polya (1945) but also uninterested in aesthetic values in problem-solving possibly as a consequence of not having the choice of many different approaches to compare and contrast. Because of how uniform and universal conventional tests were designed with the emphasis on measuring students' mastery of obtaining a correct answer to any mathematics problem, the issue of mathematical creativity, and particularly, that of mathematical aesthetics, seemed still as at least a potentially rewarding challenge. As the methodology employed in the study suggested, problem-solving experience using many different approaches, as well as the discussion that compared and contrasted their advantages or disadvantages, might be facilitated in a mathematics classroom setting. Given this frequent accumulation of different approaches either discovered by themselves or presented by their classmates or teachers, students might begin to grow their sense of mathematical aesthetic appreciation. Such exposure at the early stage of learning mathematics might afford young children the opportunity to adapt and adopt to the mathematical culture and its values, even if they might not ultimately join the community of expert mathematicians and even if they might not view their careers as directly connected with mathematics. To this end, mathematics faculty of gifted programs might find the consideration of mathematical aesthetics, conceivably as a measure of flexibility and creativity, to be worthwhile if not exigent.
Limitations
The current study had several limitations. One potential limitation concerned the perception of "beauty" in interpreting the most preferred approach. Although both the three expert mathematicians and the 54 students were asked to choose their most preferred approach, it was clear that their interpretations differed. It might be that if both groups of participants were asked explicitly to choose the most "beautiful" approach, the researcher would obtain another result.
The current study was also limited partly because the issue of giftedness might be interpreted in different ways. The participants in this study were considered to be gifted to the extent that they underwent a rigorous selection process. Students in the study were enrolled in a specialized high school whose acceptance rate was less than 5% based on the specialized high school admission test. Moreover, they had an exceptional standing in an AP Calculus course, receiving high recommendations from their AP Calculus teachers. However, using a different conception or definition of giftedness, these participants might be considered to be advanced learners, instead of gifted students. For example, none of the 54 students was a participant in the International Mathematical Olympiad. As such the result of the current study might not be generalizable to gifted student population.
Additionally, the current study involved only a relatively small number of participants. The participants in this study did not prove to be sufficiently diverse in their mathematical background. All students had more or less the same teachers and took the same courses and tests. As a consequence, it was problematic to identify differences in the ways that these students approached the three problems.
Another limitation might be related to the testing condition. The nine students took the test during after-school hours at their school. It might be possible that after long hours in school, the nine students became physically and mentally exhausted or were eager to attend different engagements outside their school. Such external factors might cause the nine students to be less willing to stay in school to work on the test to find more than one approach for a problem.
Future Research
It would be of interest to conduct similar studies across a range of mathematical abilities, starting with a highly gifted population, such as winners of the International Mathematical Olympiad, and continuing with a population not characterized as gifted at all. It would also be of interest to have a study with a larger group which would permit the use of statistical methodology. It would also be helpful to explore a more diverse group in terms of the mathematical background. Finally, it would be of interest to conduct a study with another set of problems.
Appendix
Three Problems and 15 Approaches
Problem 1 (Arithmetic-Inequality Problem) . Fill in the blank with one of the symbols <, ≤, =, ≥, or >. 
P1A2 (algebraic approach)
Therefore, 2009 2011 2 2010 + < .
P1A3 (limit-definition-of-derivative approach)
P1A4 (arithmetic approach)
Therefore , Therefore, maximum of x y + = 2 .
P2A3 (contradiction-via-symmetry approach). By symmetry,
x y = = 1 2
. A proof by contradiction is as follows. Therefore, maximum of x y + = 2 .
Problem 3 (Geometry-of-Angle-Measurement Problem) . Given triangle ABC with median CD and CD BD = , find measure angle ACB .
P3A1 (parallelogram-with-congruent-diagonals approach).
Extend CD . Construct a line parallel to BC from A and another line parallel to AC from B , both of which intersect CD at E . Then, ACBE is a parallelogram with congruent diagonals AB and CE because median CD implies AD BD = and given that CD BD = . Specifically, ACBE is a rectangle. Therefore, m ACB ∠ =°90 .
P3A2 (inscribed-angle-of-a-circle approach)
. Consider a circle centered at D with radius DC . Then, AB is a diameter of the circle because median CD implies AD BD = and given that CD BD = . So ∠ACB is an inscribed angle of the alleged circle. Therefore, m ACB ∠ =°90 . 
P3A3 (sum-of-internal-angles approach
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